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On a diophantine equation
of a” + bV = 2* type

Codruta Elena Pumnea, Amada Dorina
Nicoara

Abstract

In this paper we study in natural numbers some diophantine equa-

tion of a® + bY = 22 type.
2000 Mathematical Subject Classification: 11D61

In this note we study diophantine equation of a® + b¥ = 22 type, where
a,b,c € N* a,b > 2,a # b. In their study we use the method of modular
arithmetics.

1. Equation 2% + 7% = z2. We have the following result:

Proposition 1.1. The diophantine equation 2% 4+ 7Y = z* has ezactly three

solutions
(x,y,2) € {(3,0,3),(5,2,9),(1,1,2)}.
Proof. We consider several cases.

Case 1.1. For z = 0, then we have the diophantine equation
=221

(z=D(z+1) =7,
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where z — 1 =7"and 2z + 1= 7"y > 2u,u € N*.
From here, we obtain:
YT =2

or
7H(TTH 1) = 2,

where u = 0 and 7Y = 3, which is impossible.

Case 1.2. If y = 0, then we have the diophantine equation
22—1=2"
or
(s = 1)(z+1) =27,

where z —1=2"and 2z +1=2""" 2 > 2v,v € N*.
From here, we obtain
207V -2V =2

or
20(277% — 1) = 2.

where v = 1 and 272 = 2, that isv = 1 and o = 3.
Therefore x =3, y =0, z = 3.
Case 1.3. z even. Now, we consider z = 2k, k € N* we have

22— 9% — v
or
(z—=2M(z+2F) =7,

where z — 28 = 7% and 2z 4 2F = 7Y% y > 2u,y € N*.

From here, we obtain

O, (. 2k+1

or
7u(7y—2u _ 1) _ 219—&—1,
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which implies u = 0 and 7Y — 1 = 2F+1,
If y > 1 we have
(7—1)t=2F"'1e N

or
6t = 2k+1

it results that 3 divides 2!, which is impossible.

Case 1.4. y even. We consider y = 2k, k € N* we have
212 . 72k — 9%

or
(z=7T)(z+7) =27,

we have z — 7% = 2¥ and 2z + 7% = 227" & > 2u,v € N*.

From here, we obtain
2tV _ v — 9.7k

or

which implies v = 1 and
27— 1 =17~

As 7" = 0( mod 7),k € N* and 2°72 — 1 = 0( mod 7), only if

x —2=3p,p € N*. Then:
(1) 2% —1="7"

Y

it results (7 +1)P — 1 =T7".

Using the Newton‘s binomial it results
7t +Tp="11t€eN",

or
(2) Tt+p="7"te N
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If £k =1, then we have p = 1 and we have the solution

For k > 2, from (2) results p = 7s,s € N*. Then from (1) we have
2215 — 1= 7l~c

or
(27)38 1= 7k

or
(2" = 1)g=T"qe N,

from where we obtain 127¢ = 7*, which is impossible because 127
it is not divisible by 7.

Case 1.5. x, y odd. Because z is odd, then we have
z2=2p+1,

and it results 22 = 4p? +4p+ 1 =4p(4p+ 1) + 1 = 1( mod 8).
For x > 3 and odd, we have

2% = 0( mod 8),

and for y odd we have 72**1 = 72 .7 = 7( mod 8).

From here, we obtain
27 + 7 =7( mod 8),

which is impossible, because 22 = 1( mod 8).
If y =1 results z = 3 therefore x =1, y =1, 2 = 3.
If x =1 and y > 3 odd, we have

247V =22

or

22— =2
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where z =2p+1,p > 2 and y = 2¢ + 1,q > 1, because for
z = 1 the equation has no solution.

Because 7Y = (6 + 1) = 1( mod 6), there are three cases:
z=06p+1, 6p+ 3, 6p+5.

If 2 =6p+ 1 we have 22 = 1( mod 6), so 22 — 7% = 0( mod 6) which is a
contradiction with 2 = 2( mod 6).
If z = 6p+ 5 we have 22 = 1( mod 6), so 22 — 7¢ = 0( mod 6) which is a
contradiction with 2 = 2( mod 6).
If 2 = 6p + 3 we have 22 = 36p? +36p +9 = 36p(p + 1) +9 = 0( mod 9), it
results

22— 7 =1,4,7( mod 9),
which is a contradiction with 2 = 2( mod 9).
In concluding the diophantine equation (1) has three solutions (z,y,z2) €
{(3,0,3),(5,2,9),(1,1,2)}.
2. Equation 2% + 11¥ = 22. We have the following result:
Proposition 2.1. The diophantine equation 2% + 11Y = 22 has ewxactly one
solution (x,y,z) = (3,0, 3).
Proof. We consider several cases:

Case 2.1. If z = 0, then we have the diophantine equation
11V =2% -1

or
(z—=1)(z+1) =117,
where z — 1 =11"and 2+ 1 =11Y""y > 2u,u € N*.
From here, we obtain:

1197 - 11" =2

or
e(1y—2* —1) = 2,
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where u = 0 and 11Y = 3, which is impossible.

Case 2.2. If y = 0, then we have the diophantine equation
P2 —1=2"
or
(s = 1)(z+1) = 27,

where z — 1 =2"and 2z + 1 =2""" 2 > 2v,v € N*.
From here, we obtain
207V -2V =2

or
2U(277% — 1) = 2.

where v = 1 and 2°72 = 2, that isv = 1 and = = 3.
Therefore x =3, y =0, z = 3.

Case 2.3. r even. Now, we consider x = 2k, k € N* we have
22— 2% = 11v

or

(z —28)(z +2%) = 117,
where z — 28 = 11% and 2z + 2¥ = 117", y > 2u,y € N*,

From here, we obtain
11V — 11" = 2+t

or

1111y — 1) = 2~

which implies © = 0 and
11Y — 1 = 2k,

If y > 1 we have
10t = 28! ¢+ e N*
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where it results that 5 divides 28!, which is impossible.

Case 2.4. y even. We consider y = 2k, k € N* we have
22— 11% =27

or

(z — 11%) (2 + 11%) = 27,
we have z — 11 =2V and z + 11F = 27V, 2 > 2v,v € N*.

From here, we obtain
2070 — 2" = 2. 11F

or

2U(27 % — 1) =2 11%,

which implies v = 1 and 272 — 1 = 11*. Using modulo 11 we have
xr—2=10p, p e N*

or
210p+2 o 1 — llk

or
45p+1 _ 1 — ]_1]4)7

from where we obtain 3t = 11*, where ¢t € N*, so 3 divides 11, which is
impossible.

Case 2.5. z, y odd. Because z is odd, then we have
z=2p+1,

it results 2% = 4p* +4p+ 1 =4p(4p + 1) + 1 = 1( mod ).
If 2 > 3 and odd, we have 2* = 0( mod 8), and if y odd we have
11241 = 112 . 11 = 3( mod 8).
From here, we obtain
2% +11Y = 3( mod 8),
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which is impossible, because 22 = 1( mod 8).

If x = 1 and y odd, we have 24+11Y = 5( mod 8) which is impossible because
2> = 1( mod 8).

In concluding the diophantine equation (2) has a solution (x,y, z) = (3,0, 3).
3. Equation 2% + 13¥ = 22. We have the following result:

Proposition 3.1. The diophantine equation 2% + 13Y = 2% has exactly one
solution (x,y,z) = (3,0, 3).

Proof. We consider several cases.

Case 3.1. If z = 0, then we have the diophantine equation
13V =27 -1
or
(z—1)(z+1) =13,

where z — 1 =13 and z+ 1 =13V""%,y > 2u,u € N*.
For here, we obtain
13974 — 13 =2

or

13%(13¥72 — 1) = 2,

where u = 0 and 13Y = 3, which is impossible.

Case 3.2. If y = 0, then we have the diophantine equation
22—1=2"
or
(s = 1)(z+1) = 27,

where z — 1 =2"and z+1=2"""2 > 2v,v € N*.
From here, we obtain
2070 -2V =2

or
2U(2°7% — 1) = 2.
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where v = 1 and 2°72 = 2, that isv = 1 and = = 3.
Therefore x =3, y =0, z = 3.

Case 3.3. x even. We consider x = 2k, k € N* we have
22— 2% = 13v

or
(2 —2%)(z +2%) = 13",

we have z — 28 = 13Y and z + 2F = 13V™% y > 2u,y € N*.

From here, we obtain
13v7% — 13% = ok+!

or
13"(13V72 — 1) = 2",

where u = 0 and 13¥ — 1 = 2*1 If y > 1 we have
(13 — 1)t = 2"+t e N¥

or
12t = 2k+1

from where it results that 3 divides 2!, which is impossible.

Case 3.4. y even. We consider y = 2k, k € N* we obtain
22— 13% =2"

or
(z — 13%)(z + 13F) = 27,
where z — 138 = 2% and 2z + 13¥ = 27V, x > 2v,v € N*.

From here, we obtain

2TV _ 9V — 9. 13k
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or

V(27 — 1) = 2-13F,

where v = 1 and 2*72 — 1 = 13*,

and z — 2 = 12p, where p € N* or
x=12p+ 2.

We have,
2772 — 1= (2%t — 1 =3t t € N*,

3 divides 13, which is impossible.

Case 3.5. z, y odd. Because z is odd, then we have
z=2p+1,

it results 2” = 4p” +4p + 1 = dp(4p +1) + 1 = 1( mod 8).
If z > 3 we have 2° = 0( mod 8), and if y odd we have 13?1 =
13%% .13 = 3( mod 8).

From here, we obtain
2% +13Y = 5( mod 8),

which is a contradiction, because 22 = 1( mod 8).

If x =1 and y odd, we have
2+ 13Y = 7( mod 8)

which is impossible because z? = 1( mod 8).

In concluding the diophantine equation (3) has only the solution

(z,y,2) = (3,0,3).
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