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Asupra unui sir de numere reale

Doriana Dorca

Abstract

In this paper we give three generalizations of a problem proposed
in "Revista de Matematica Timigoara”.

2000 Mathematical Subject Classification: 97D50, 40A05

In Revista de Matematici Timigoara, nr.1/2006, este prezentata urma-
toarea problema propusa de Cristinel Mortici: Se considerda sirul (,)n>1
cu termenul general
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Sa se demonstreze ca: a) lim x, =1, b) lim n(l —z,) = X

In aceasta lucrare vom prezenta cateva generalizari ale acestei probleme.
1. Fie (an)n>1 0 progresie aritmetica cu a; > 0 §i raia v > 0. Se

considerda sirul (x,)n>1 de termen general:
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a) Sa se demonstreze ca lim x, = 1; b) Sa se calculeze lim n(1 — x,).

. nfoo 1 n1—>oo A ]
Solutie. a) Avem o S E— < nTar Insumam
n+ n+ n+
. . v n . . n n
dubla inegalitate dupa £ =1,...,n si obtinem
n? n?
Sy S N L —
n+n+a, ~ @~ nP+n+a
Trecem la limita si cum avem
2 2
n n
lim —— = lim =1,
n—oon?+n+a, n-ocon®+n+a+(n—1r
n2
jar lim ——————— =1, be baza criteriului "clestelui” deducem ca
n—oo N* 4+ N + a1
lim z,, = 1.
b) Avem
1 = 1 N ! =
n(l—w)=n|1-3 —p | =
k=11 +
n
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Termenul general al sumei il incadram astfel:
n—+ ag < n+ ag < n—+ ag ‘
n+n+a, n:+n+a, " nP+n+a
Insumand, obtinem
a an )N a Qn )T
p2 4 (a1t an) n2 4 (a1t an)

5 2 <n(l—z,) < —; 2
n“+n-+a, n‘+n-+a;

Sau

2n% + n(2a; +nr —r)

2n% +n(2a; +nr —r)
2n2 + 2n + 2a,, ’

2n2 + 2n + 2a,,

<n(l—x,) <
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2%+ (2a+nr—1) . n*2+7r)+n(2a, — 1) 2+
Cum lim = lim = =
n—oo  2n? 4 2n + 2a, n—oo 2n? + 2n + 2(a; +nr —r 2
r
— 14—
+ 5’
. 202+ nfr+n(2a; — 1)
iar lim

=1+ C, deducem ca
n—0o0 2n2 + 2n + 2a, 2

lim n(1 — z,) =14

n—oo 2

Observatia 1.1. Pentru a; = r = 1 se obtine problema O.XI. 96 propusa
de Cristinel Mortici, R.M.T. 1/2006.

2. Fie (an)n>1 o progresie aritmeticd cu a; > 0 §i rafia r > 0. Se

considerd sirul (x,),>1 de termen general:

n
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k=1 Qy, +
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Sa se calculeze: a) lim x,; b) lim n <— — xn>
n—oo n—oo r

1 1 1

an + a, — ap +ap — ap + ay’
ap + p, + ap +
) an (n an
Insumam dubla inegalitate dupa k = 1,2,...,n si obtinem:

Solutie. a) Avem

na, na,
—_— <z, < —F
a? + 2a, a2 + a, + a;

Trecem la limita si avem:

: na"l’l . n . n 1
lim ———— = lim = lim _
n—>ooa%+2an n—»ooa1+(n—1)r+2 n—oo NI +a; —r + 2 r

)

iar
nay, . n(ay +nr—r)

im ——— =
n—oo a2 +a, +a; n—oo ap(a, +1)+1

: n?r +n(a; —r)
lim =
n—oo (@ +mnr—r)(a +nr—r+1)+1
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. n?r +n(a; —r) 1
lim = —.
n—oo n2r2 + n(2ayr —2r2 + 1)+ (e —r)(a; —r+1)+1 7

iar be baza criteriului ”clestelui” deducem ca lim z, = —.
n—oo '8
b) Avem:

n n

1 ) 1 1 1 n
n(——xn =n ——E _— :E - | =
a, +a an + a
r r k=1 an + p b 1 \ " a, + a i

B 1i<ai+an+ak—rnan) B li(an(an-Fl—Tn)‘f'ak) _
[t ap + an + ai (! a? + a, + ax
_lzn: an(ay —r+1) + ag
r i a2 + a, + ay '

Pentru k& = 1,n este indeplinitd dubla inegalitate

an(a; —r+1) 4+ ag <an(a1—r+1)+ak < an(a; —r+1) 4 ay
a + a, + a, - a2 + a, + ay - a+a,+a

Insumam si obtinem:

a1+ ay, a1+ ay
(e =7+ 1a, + ! n 1 1n(ar — 7+ 1a, + ! n
- 2 <n(-—m)<-
r a +a, + a, T r a +a, +a
Dar
. 12n(a; —7r+ Da, + an+ ayn
lim — =
n—oo T 2a2 + 4ay,
1 i n?r(2a; — 2r + 3) + (a1 — 7)(2a1 — 2r + 3)n + a1n
= — ]1m —=
T n—oo 2(a; +nr—r)(a; + nr —r+2)
3
_1r(2a—2r+3) M TT5
o 212 B r? ’
lar n
ai + a,
n(ay —r+ a, + —
lim 2 =
n—00 a? + a, + a
L n?r(2a; — 2r + 3) +n(a; — r)(2a; — 2r + 3) + a1n
= — 1m oy

7 n—oo 2 +nr —r)(a +nr—r+1)+ 20
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17(20 —2r+3) @ —T+5

r 2r2 72

1 a —r—+ 5
de unde rezulta lim n (— — xn> =—7F".
n—oo  \T r
Observatia 2.1. Pentru a; = r = 1 se obtine problema O.XI.96 propusa
de Cristinel Mortici, R.M.T. 1/2006.
3. Fie (ay,)n>1 0 progresie aritmeticd cu a; > 0 gi ratia v > 0. Se
considerd sirul (x,)n>1 de termen general:

n

1
In = Z Aptk

k=1 Qn +

n

1
Sa se calculeze: a) litm Tp; b) lim n (; — $n) .

n—oo

Solutie. a) Avem

1 1 1 _
< k=1n.
Ao, = [T Api1” ;
an + 2 an + aa ap + =
ap ap an
Insumém dubla inegalitate dupi k = 1,2,...,n si obtinem:
nay, nay,
— <z —_.
aZ+ay — T ai+anp
Sau
n(a; + (n — 1)r) e < n(a; + (n — 1)r)

n =

(a1 +(n—1Dr)2+a;+ 2n—1)r — (a1 + (n—1)r)2+a; +nr

Trecem la limita si avem:

: n?r +n(a; —r) 1
lim ==
n—oo n2r2 +n(2ayr — 2r2 4+ 2r) + (a; — r)(ay —r+1) 7

si

lim =
n—oo n2r2 + n(2ayr — 2r? + 2r) + a? + a,

n?r +n(a; —r) 1
r?
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de unde, pe baza criteriului ”clegtelui” deducem ca lim z, = —

b) Avem h

n

1 1 1 /1 na,
”(;_%>:" ;_Z—am :Z<;_m)—

k=1 Qn + k=1 n
n
n n
1 Z (ai + Apyr — rnan) 1 Z (ai + Ak — m“an) B
S - S - —
T Pt as + Qpyk T Pt as, + Qpyk
n n
B lz (an(an —nr)+ an+k) 1 Z (an(al —r)+ an+k)
- 2 - 2 :
(— U, + Otk [ Az, + Antk

Pentru k = 1,n este indeplinitd dubla inegalitate

@n(gl - 7") + Qpik < an(al - 7“) + Qp+k < an<a1 - 7“) + Qp+k
a? + 2ay, - a2 + any - a2 + ani1

Insumand obtinem:

Apt1 + Aoy, Qpt1 + Aop
1 nlar —r)a, + il T, 1 1 nlar —ra, + el T,
- 2 Snl ==, | < - 2
r a? + 2ay, r a2 + any1
a+nr+a +(2n—1)r
1 (e —r)(ar +nr—r) + ! 12 ( ) n

Dar lim - =

n—oo I (a1 +nr—r)24+a;+ 2n—1)r

1 .. n"(a;—7)+ (a1 —7r)(ay — r)2n + 2a;n + 3n*r —rn
= — m =
2r n—oo M2r2 4+ n(2ayr — 2r2 4+ 2r) + (a1 — r)(ag —r + 1)
3
C1r2ay—2r+3) @ _T+§
r 2r2 B n r?
an Aoy,
si lim 5 2 =
n—oo an+an+1
3 nr

1 n2r(a1 — 7") + n((a1 — 'r)2 + Cll) + §n2’f‘ - 7 1 7"(2&1 —r + 3)

r n?r2 +nr(2ay — 2r + 1) + r2 T or 2r2 B
a; — 1+ 5

r2
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1 ap—r+ 5
Atunci avem lim n (— — xn) ==

n—oo T

Observatia 3.1. Pentru a; = r = 1 se obtine problema O.XI.96 pro-
pusa de Cristinel Mortici, R.M.T. 1/2006.
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