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Asupra unei probleme de aritmetică 1

Florea Simona

Abstract

In this paper we generalize a problem proposed in the [1].

2000 Mathematical Subject Classification: 11A99

Fie b şi n două numere naturale date, b ≥ 2 şi n ≥ 2.
Să se determine cea mai mică valoare pe care o poate lua raportul

anan−1 . . . a1a0(b)

a0 + a1 + . . . an

unde anan−1 . . . a1a0(b) este un număr scris ı̂n baza b.

Soluţie. Notăm cu Rn(b) raportul din enunţul problemei.
Avem:

Rn(b) =
anb

n + an−1b
n−1 + . . . + a1b + a0

a0 + a1 + . . . + an

≤
bn(a0 + a1 + . . . + an)

a0 + a1 + . . . an

= bn

cu egaliate pentru an ∈ {1, 2, . . . , b − 1} şi a0 = a − 1 = . . . = an−1 = 0.
Rezultă că maximul lui Rn(b) este bn şi se atinge pentru numerele de forma
an · bn, an ∈ {1, 2, . . . , b − 1}

Să determinăm acum minimul lui Rn(b).
Avem:

Rn(b) =
anb

n + an−1b
n−1 + . . . + a1b + a0

a0 + a1 + . . . + an

=
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= 1 +
anb

n + an−1b
n−1 + . . . + a1b + a0

a0 + a1 + . . . + an

− 1

= 1 +
an(bn − 1) + an−1(b

n−1 − 1) + . . . + a1(b − 1)

a0 + a1 + . . . + an

= 1 +
an(b − 1)(bn−1 + bn−2 + . . . + 1)

a0 + a1 + . . . + an

+
an−1(b − 1)(bn−2 + bn−3 + . . . + 1) + . . . + a1(b − 1)

a0 + a1 + . . . + an

= 1 + (b − 1) ·

11 . . . 1(b)
︸ ︷︷ ︸

nori

·an + 11 . . . 1(b)
︸ ︷︷ ︸

nori

·an−1 + . . . + 11(b) · a2 + a1

a0 + a1 + . . . + an

≥

≥ 1 + (b − 1) ·

11 . . . 1(b)
︸ ︷︷ ︸

nori

·an + 11 . . . 1(b)
︸ ︷︷ ︸

nori

·an−1 + . . . + 11(b) · a2 + a1

(b − 1) + a1 + . . . an

=

= 1 + (b − 1) ·








1 +

11 . . . 1(b)
︸ ︷︷ ︸

nori

·an + . . . a1

(b − 1) + a1 + . . . an

− 1








= b+(b−1)·
an(bn−1 + . . . + 1) + . . . + a2(b + 1) + a1 − (b − 1) − a1 − . . . an

(b − 1) + a1 + . . . an

= b + (b − 1) ·
an(bn−1 + |bn−2 + . . . + b) + . . . + a2b − (b − 1)

(b − 1) + a1 + . . . an
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= b + (b − 1) · (

11 . . . 1(b)
︸ ︷︷ ︸

n−1ori

·b · an + 11 . . . 1(b)
︸ ︷︷ ︸

n−2ori

·b · an−1 + . . . + 11(b) · b · a3

(b − 1) + a1 + . . . an

+

+
b · a2 − (b − 1)

(b − 1) + a1 + . . . an

) ≥

≥ b + (b − 1) · (

11 . . . 1(b)
︸ ︷︷ ︸

n−1ori

·b · an + 11 . . . 1(b)
︸ ︷︷ ︸

n−2ori

· b · an−1 + . . . + 11(b) · b · a3

2(b − 1) + a2 + . . . + an

+
b · a2 − (b − 1)

2(b − 1) + a2 + . . . + an

)

= b + (b − 1)








b +

11 . . . 1(b)
︸ ︷︷ ︸

n−1ori

ḃȧn + . . . + b · a2 − (b − 1)

2(b − 1) + a2 + . . . + an

− b








= b2 + (b − 1) · (
b · an(bn−2 + . . . + 1) + . . . + b · a2

2(b − 1) + a2 + . . . + an

−

−
(b − 1) + 2b(b − 1) + b · a2 + . . . + b · an

2(b − 1) + a2 + . . . + an

)

= b2 + (b − 1) · (
b2 · an(bn − 3 + . . . + 1) + b2 · an−1(b

n−4 + . . . + 1) + . . .

2(b − 1) + a2 + . . . an

+

+
. . . b2 · a3(b − 1)(1 + 2b)

2(b − 1) + a2 + . . . an

) =
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= b2 + (b − 1) · (

11 . . . 100(b)
︸ ︷︷ ︸

n−2ori

·an + 11 . . . 100(b)
︸ ︷︷ ︸

n−3ori

+ . . . + 100(b) · a3

2(b − 1) + a2 + . . . + an

−

−
(b − 1)(1 + 2b)

2(b − 1) + a2 + . . . + an

) ≥

≥ b2 + (b − 1) · (

11 . . . 100(b)
︸ ︷︷ ︸

n−2ori

·an + 11 . . . 100(b)
︸ ︷︷ ︸

n−3ori

·an−1 + . . . + 100(b) · a3

3(b − 1) + a3 + . . . + an

−

−
(b − 1)(1 + 2b)

3(b − 1) + a3 + . . . + an

)

= b2+(b−1)

[

b2 +
b2an(bn−3 + . . . + 1) + . . . + b2a3 − (b − 1)(1 + 2b)

3(b − 1) + a3 + . . . + an

− b2

]

= b3 + (b − 1) ·
b63 · an(bn−4 + . . . + 1) + . . . + b3a4 − (b − 1)(1 + 2b + 3b2)

3(b − 1) + a3 + . . . + an

= b3 + (b − 1) ·

11 . . . 1000(b)
︸ ︷︷ ︸

n−3ori

·an + . . . + 1000(b) · a4 − (b − 1)(1 + 2b + 3b2)

3(b − 1) + a3 + . . . + an

Repetând procesul de ı̂nca (n − 4) ori, obţinem:

Rn(b) ≥ bn−1 + (b − 1) ·
bn−1an − (b − 1)(1 + 2b + 3b2 + . . . + (n − 1)bn−1)

(n − 1)(b − 1) + an−1 + an

Cum

1 + 2b + 3b2 + . . . + (n − 1)bn − 1 =
(n − 1) · bn − n · bn−1 + 1

(b − 1)2
, găsim:
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Rn(b) ≥ bn−1 + (b − 1) ·
b
n−1

an−

(n − 1) · bn − n · bn−1 + 1

b − 1
(n−1)(b−1)+an−1+an

≥

≥ bn−1 + (b − 1) ·
bn−1 − (n−1)·bn

−n·b
n−1+1

b−1

(n − 1)(b − 1) + 1 + an−1

≥ bn−1 +
(b − 1) · bn−1 − (n − 1) · bn + n · bn−1 − 1

(n − 1)(b − 1) + 1
=

=
(n − 1) · bn − (n − 1) · bn−1 + bn − bn−1 − (n − 1)bn + n · bn − 1

(n − 1)(b − 1) + 1

=
bn + bn−1 − 1

(n − 1)(b − 1) + 1
=

110 . . . 0(b)
︸ ︷︷ ︸

n−1ori

−1

(n − 1)(b − 1) + 1
=

10(b − 1) . . . (b − 1)(b)
︸ ︷︷ ︸

n−1ori

(n − 1)(b − 1) + 1
.

Aşadar, minimul lui Rn(b)este:

11(b)b
n−1 − 1

(n − 1)(b − 1) + 1
=

10(b − 1) . . . (b − 1)(b)
︸ ︷︷ ︸

n−1ori

(n − 1)(b − 1) + 1
.

şi acest minim este atins pentru numărul 10(b − 1) . . . (b − 1)(b)
︸ ︷︷ ︸

n−1ori

Observaţii:

1. Pentru b = 10, găsim ca

max R(10) =
anan−1 . . . a0

a0 + . . . + an

= 10n

şi este atins pentru numărul an · 10n, an ∈ 1, 2, . . . , 9, iar
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min R(10) =
an . . . a0

a0 + . . . = an

=
11 · 10n−1 − 1

9n − 8
=

10 9 . . . 9
︸ ︷︷ ︸

n−1ori

9n − 8
şi este atins pentru numărul 10 9 . . . 9

︸ ︷︷ ︸

n−1ori

2. Pentru b = 10 şi n = 2, găsim că

max R2(10) =
a2a1a0

a0 + a1 + a2

= 102, cu egalitate pentru numerele

100, 200, . . . 900, iar

min R2(10) =
a2a1a0

a0 + a1 + a2

=
109

10
, atins pentru numărul 109.

3. Pentru b = 10 şi n = 3 găsim că

max R3(10) =
a3a2a1a0

a0 + a1 + a2 + a3

= 103,

cu egalitate pentru numerele 1000, 2000, . . . , 9000, iar

min R3(10) =
a3a2a1a0

a0 + a + 1 + a2 + a3

=
1099

19
, atins pentru numerele

1099.

Acest caz constituie problema propusă ı̂n revista de matematică de la
Timişoara.
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