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Asupra unei inegalităţi

Vasilica Olaru

Abstract

In this paper we present a inequality which is a generalization of
inequality presented by C. Mortici in [1].
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1 Introducere

In [1] s-a propus următoarea problemă:
Fie a,b,c numere reale strict pozitive astfel ı̂ncât a + b + c ≥ abc .

Demonstraţi că a2 + b2 + c2 ≥
√

3abc.
În cele ce urmează vom prezenta o generalizare a acestei inegalităţi.

2 Generalizarea la n numere

Propozitie 2.1 Fie a1, a2, · · · , an, n ≥ 3 numere reale strict pozitive care
verifică condiţia a1 + a2 + · · · + an ≥ a1 · · · an, atunci

a1

a2 · · · an

+
a2

a1a3 · · · an

+
an

a1 · · · an−1

≥ n−1
√

n

Demonstraţie. Condiţia a1 + a2 + · · ·+ an ≥ a1 · · · an este echivalentă cu
1

a2···an

+ · · · + 1
a1···an−1

≥ 1
Notăm cu

xi =
1

a1 · · · ai−1ai+1 · · · an

, i = 1, n, S =
n

∑

i=1

xi
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Inegalitatea de demonstrat devine
∑n

i=1 xi
2 ≥ n−1

√
n n−1

√
∏n

i=1 xi

Pentru a demonstra această inegalitate utilizăm inegalitatea lui Cauchy
şi avem

n
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i=1
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S
n−1
√

S

n
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n n

√
∏n

i=1 xi
n−1

√

n n

√
∏n

i=1 xi

n
= n−1

√
n n−1

√

√

√

√

n
∏
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xi

Propozitie 2.2 Fie n ≥ 3 si p ∈ [2, 2n−1
n−1

)
⋂

Q.Considerăm numerele reale
strict pozitive care verifică condiţia x1 + · · · + xn ≥ 1. Atunci

x
p

1 + x
p

2 + · · · + xp
n ≥

n−1
√

nn

np−1
n−1
√

x1 · · ·xn

Demonstratie. Din inegalitatea lui Cauchy-Hölder obţinem că

x
p

1 + · · ·+xp
n ≥

Sp

np−1
=

Sp−n+(n−1)(p−1)Sn−(p−1)(n−1)

np−1
≥

Sp−1 · S
n−(p−1)(n−1)

n−1

np−1
≥

np−1(x1 · · ·xn)
p−1

n · n
n−(p−1)(n−1)

n−1 (x1 · · ·xn)
n−(n−1)(p−1)

n(n−1)
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=

n−1
√

nn
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n−1
√

x1 · · ·xn
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