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Calculul limitelor unor siruri de tip Euler
asociate unui sir dat

D. M. Batinetu-Giurgiu and Maria Batinetu-Giurgiu

Abstract

In this paper we present the calculus of the limits of some Euler’s

sequences associated to a given sequence.
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Consideram un sir (a,),>1 de numere reale si numarul ¢ € R;. Vom
numi gir de tip Euler asociat sirului (a,),>; si numarului ¢ € R,
sirul (0,,)n>1, de termen general:

o An4k
(1) =n' Zn+kt+1’vn€N'

Teorema 1. Oricare ar fi numarul t € Ry si oricare ar fi sirul convergent

(an)n>1 de numere reale, astfel incat, lim a, = a € R, atunci sirul de tip
n—oo
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Euler (0,)n>1 asociat sirului (a,)n>1 §i numdrului t € Ry, este convergent

St avem:

3

-In 2, t=0;
1
( —§>, t>0.

Demonstratia 1. (pentrut¢ > 0). Este evident ca lim a, =a < Ve > 0,

(2)  lim o, = lim n'- S -

n—00 n—o00 p (n/+_k>t+1

e

dn. € N cu proprietatea ca
(3) la, —a| <e,Vn>n e —e<a,—a<eVn>n
Prin urmare,
1 An+k
—€e<apr—a<evVn>n,VkeN&s —e- < —
h - (n+ k)T (n+ k)
a 1
TR G R
€ € Otk
= — < - < —
n't! (n+ l{:)'”rl (n+ k)1
a 1

TE T S g e T2 e TREN.

Prin urmare, avem realtiile:

€ Anyk a
_nt+1 < (n+ k)tH - (n+ k)”l < nt+1’

Vn > ne,Vk € N.

Din relatia precedenta, prin insumare dupa k£ = 1,n deducem ca:

n n n n
1

_E'ZW <Z(nj—#_a' Z EEwLE <e-ZW,Vn2nE©

k=1 k=1 E=1 n+k) =1

n

An+k 1 €
<Z n+kt+1—a‘2m<;7\m2”e‘:’

k=1
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Ap+k
s —e<nl Z +kt+1_a nt Z +kt+1<e,Vn2n6.

Ultimele 1negahta§1 ne arata ca:
(4) lim n' Z Gtk _ 4 lim n! 2”: _
n—00 (n+ k)T e 1 (n+ k)t

Sa observam ca:

"1
) t=0= lim =In2 gica:
+ k
n—oo n
=1
- 1
" 1 — (n+ k)™
. t T k=1 o
a n
n+1 n
1 1
. ; (n + 1 + k,)t-H o ; (77, + k,)t-i—l
= Jim, 1 1 B

(n+1)7 n'
n+2

3

1 1

n'  (n+1)
1 1 1
— tim (n+1)™ @2+ D)™ @2+ 2) 22| -
N—00 (TL + 1)75 _ ot

Ii o li 1 1 1 t+1
= 111m ——— 111 — — n
n—oo (n+1)" —n' n=oo \ \ (n + 1) (2n+ 1D (2n +2)

1 n t+1 n t+1 n t+1
= — lim — — =
t n—oo n+1 2n+1 2n — 2
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1 1 1 1 1
P\ ) =)

Conform cu (5) si (6) relatia (4) devine:

ik ) o 1 a-ln 2, t=0;
lim n =qa lim n —_— =
N—00 Z TL + k t+1 n— 00 Z n+ k.)t+1 %L <1 . %) 7 > 0.

Cu aceasta teorema este demonstrata

Demonstratia 2. (pentru ¢t > 0). Este evident ca

n

2 : Qp+k
n

t+1
lim n! _ Otk lim *=L (n 1)
n—o0 (n -+ k)t+1 n—oo ].
k=1 ﬁ
~ Ant1+k . Antk
. hlm+1+m”1 g;m+kwl
= i i
n+1)" n
- An+k B HZH A4k
t+1 t+1
_hmkﬁ(n+@ ~ (n+k) B
n'  (n+1)
nt—1
= lim ———-
n—oo (n+ 1)f —n
- 1im Ap41 A2n4-1 B A2n4-2 ottt =
00 (n T 1)t+1 (2n+ 1)t+1 (2n + 2)t+1

2n + 2 n

1 n t+1 n t+1 n t+1
- lim | apgq - — Qg — Qo — =
n—oo \ T\ n £ 1 ot \op 11 an+2
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1 1 1 a 1 a 1
i\ egm e ) s\t =t )
ceea ce era de demonstrat.

Propozitia 1. Daca f : R — R este o functie cu proprietatea ca exista

()

t € Ry astfel incat lir% 1 = a € R, atunci:
z—0 T

. . 1 a-ln 2, t=0;
") ,H&MEZf(n+k)= a(i_1
k=1 f<1—§>, t>0.

Demonstratia. Avem:

1
n ED
(8) le nt Zf ( 1 > _ le ntz TL1+ k . 1 _
k=1 —_—

— n+k p— (n+ k)
(n+ k)t—i—l
. t - Anyk 1 t+1 - .
= nhHr{.lo n m; unde a,, = f - n'"" gi unde conform enuntului
k=1

Conform teoremei demonstrate din relatia (8) deducem ca

: t _ : t _
Imnt > f (n%) = alim n ZHW =

< —%), t > 0.

Propozitia 1 este aceeasi cu propozitia 1 din lucrarea [2] dar cu o alta

k=1

+He 8

demonstratie.

Propozitia 2. Fie g : R — R o functie derivabila in vecindtatea originii,

atunca:

(9) lim (Zg (n i k) - h(O)n) = 1'(0) - In 2.
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A

Demonstratia. In  propozitia 1  consideram  functia

f R =R, f(z ) = g(x) — g(0) care este derivabila in vecintatea origi-

nii si lin% fgc 7) _ m g(:v) gx) —9(0) _ g'(0). Deci, a = ¢’(0) si t = 1. Rezulta
atunci ca:
limif L =a-ln2< lim ig ! —n-g(0)] =
n—o00 = n+k n—0oo 1 n+k
=¢'(0)-In2

Propozitia 3. Daca h : R — R este o finctie de doua ori derivabila cu

vecinatatea originii, atunci:

(10 - (Zh ( ) ~h(0)-n— H(0) - In 2) _ i (W(0) — 1(0)).

Demonstratia. In Propozitia 1 luam f: R — R,

f(x) = h(z) = h(0) = 1'(0) - x

—0 X x—0 z—0 2

si atunci, lim ng) = lim % = lim M — % - f7(0) = l 1(0).
it=

Deci, in Propozitia 1 avem a = % -h"(0) si 2, de unde rezulta:

. 1
limn-Zf( ):—~h"(0)<:>
n—oo 1 n—i—k: 4

@ggngon<;h<nik>—h«»-n—h«mznik)-

1
4
k
& lim n - Zh( )—nh ln2>
n—oo <k—1 n+k

1 1 1
= Zh”(O) +A'(0) - lim n - ( —In 2) =21 R"(0)+
k

n—oo
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k_1n+k
+/(0) - Tim A= 7 (0) +1(0)
n
n+1+k n+k
e 1 1
n+1 n
k—1n+k k_2n+k
= 2 W(0)+ H(0) - lim A= F= =
ﬁ_n%—l
S S
1 : n+1l 2n4+1 2n+2
=~ K'(0) -1 (0)- 1 n+ : )| =
7 (0) = 7(0) - lim D) —n n(n+1)
1 1 1 1
=~ K"(0) = K(0)- lim [ — n? =
1 Mo ()7£&( n+1+2n+1+2n+%>n

1 1 ! . n2 1 1/ /
=3 MO = R0) I S ey — 1 (WO - RO,

1 " / : 1 1 2
— . _ .1 _ .n? =
7 MO = #(0) 1Hl(2n—%1 2n4—2) "

Cu aceasta propozitia este demonstrata.
Facem observatia ca daca h : R — R, este o functie derivabila de m + 1,

m € N* in vecinatatea originii iar
1 1
ﬂdﬂ:Mm+wmy+§+ﬂmqﬁ+m+—Tmmmyﬂl

! m!

este polinomul Taylor de gradul m asociat functiei h, atunci considerand in

propozitia 1, functia f : R — R, f(z) = h(x) — T,,(z) avem:

@) b =Ta() W) = Ty)
R i I RS EO

z—0
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L W@-TL @) - T
Ce=0m=cdot(m+1)-2™ 1 220 (m+ 1)l B
1
SE.—— AT
COE (0)

Conform Propozitiei 1 deducem ca:

o 50 515) 7 (52) =y 40

Aplicatii

A.1.1. Daca in Propozitia 1 luam f : R — R, f(z) = sinz, atunci

. sinx _
lim o =

z—0

1. Deci, a =1 si t =1 de unde rezulta ca:

- 1 - 1
li = li i =a-ln2=In2.
i 35 () = Jim Yo g = 2=t

A.3.1. Daca in Propozitia 3 luam h : R — R, h(z) = sinz, atunci

h(0) = h”(0), h'(0) = 1 si obtinem:
- 1 1
s (Z oE 2) ST

A. 1.2. Daca in Propozitia 1 luam f : (—%, %) — R, f(x) = tg z, atunci
f(z)

liII(l) = =1,dina=1git=1 de unde deducem ca:

- 1
lim E tg—— =1In 2.
n—oo P n -+ k

A.3.2. Daca in Propozitia 3 consideram h : (—%, %) — R, h(x) =tg x
atunci h(0) = h”(0) = 0, A'(0) = 1 gi obtinem:

- 1 1
lim n Ztg——ln 2) =—-
n—oo (k:l n -+ kf 4
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A.1.3. Daca in Proporzitia 1 consideram f : R — R, f(z) = arctg x, atunci

lir% @ =1,decia=1,t=0 si atunci:

a 1
lim E arctg——- =In 2.
n—oo P n -+ k

A.3.3. In Propozitia 3 lusm h : R — R, h(z) = arctg =, h(0) = 0,
h'(0) =1, A"(0) = 0, rezulta ca:

o 1 1
T}Lrlgon (kz:; amt‘qn——i—k’ —In 2) =-71

A.1.4. Fieb € (0,1)U (1,00) fixat gi functia f : R — R, f(x) = b" — 1,
f(z)

atunci liH(l) = =In bgidecia=Inb,t =0 de unde obtinem ca:

n 1
lim (an‘Fk —n> =Inb-In 2.
A.3.4. Daca in propozitia 3 luam h : R — R, h(xz) = b*, atunci h(0) = 1,
R'(0) = In b, K"(0) = In® b si deci:

no 1 2p
limn(an+k—n—lnb~ln2> :w.

n—o00
k=1

Cititorul poate gasi si alte aplicatii ale teoremei si propozitiilor demon-

strate In aceasta lucrare.
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